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ABSTRACT

Simplified analytical methods have been developed to describe trajectory per-
turbations that arise from encounters between rigid earth penetrators and irregular
objects. The resulting equations of motion determine the changes in impact angle
and angle of attack that are induced when a penetrator strikes an obstacle, such as
a boulder or concrete slab, at an oblique angle before hitting the ground. We stud-
ied the sensitivity of these equations to realistic parameter variations. As a result, we
found that variations in impact velocity, obstacle material properties, and penetra-
tor mass properties have a significant effect on the solution; while the contact angle
and the height above ground where the penetrator strikes the object have slightly
less influence. Moreover, the penetrator’s trajectory will be perturbed least when the
impact velocity is high, the obstacle is small and of low strength, and the penetrator
has a large moment of inertia and mass. As an example demonstrating the usefulness
of this analytical technique, we have estimated the probability of an above-ground,

- obstacle/penetrator encounter producing unacceptable conditions at target impact.
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Nomenclature

Length of penetrator

Length of nose

Diameter of boulder

Weight of penetrator

Weight of boulder

Mass of penetrator

Mass of obstacle

Moment arm from the center of gravity to the tip of the nose
Pitch moment of inertia about the center of gravity

Angle of attack of penetrator

Impact angle of penetrator

Absolute velocity unit vector of the penetrator

Nose angle

Contact angle

Angular velocity of rolling boulder

Angular acceleration of rolling boulder

Height from ground to Point 1, where the penetrator
initially contacts the obstacle

Velocity of the penetrator

Average force during the impulse

Time during the impulse; from Point 1 to Point 2

Time from when the penetrator leaves the obstacle to when
it hits the ground; from Point 2 to Point 3

Gravity

Angular velocity of the penetrator about its center of gravity
Angular acceleration of the penetrator about its center of gravity
Vertical distance from ground to Point 2, where the penetrator
leaves the obstacle

Static coefficient of friction

Friction force between the obstacle and ground

Friction force between the obstacle and penetrator
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Effect of Above-Ground Oblique Impacts

on the Performance of an Earth Penetrator

Introduction

Analyses of proposed impact scenarios suggest there is a reasonable probability that
an earth penetrator will strike an obstacle before hitting the ground. Examples of po-
tential obstacles include urban rubble (e.g., buildings and concrete slabs), boulders, and
trees. Encounters with these obstructions could induce lateral impulses large enough to
change the trajectory of the penetrator. Other workers have studied various asvects of. .
this problem both analytically and experimentally. For example, Nelson et al.

'L'o our knowledge, however, no closed-form solution based on first principles has been
developed to treat problems of this type. Such a technique offers the advantage of simple
implementation and rapid solution times compared to the computer-intensive numerical
techniques that have been employed by other workers. Some of the computational meth-
ods that have been used include: CALSAP (2], an implicit finite element code; PROBS [2],
an explicit time integration scheme; HULL, a 3-D finite element, Lagrangian/Eulerian,
code [5]; and TRIFLE a quasi 3-D finite element code [6]. While these techniques provide
useful solutions for a limited number of specialized problems, their complexity make it
difficult to examine how these solutions might be affected by realistic parameter varia-
tions. For this reason, there is a need for a simplified, closed-form solution technique for
problems of this type.

* Caliber is defined as the ratio of boulder diameter to penetrator diameter.
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1. Preliminary Considerations

1.1. Penetrator Properties

..Four penetrator designs were considered in this study (see Table 1).

TTlé parameters in Table 1 are defined in Figure 1. Since EPW designs are currently.
cvolvmg, the results presented in the remainder of this report should only be used by the
reader to suggest general trends rather than as precise numbers appropriate for a final
EPW design.
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1.2. Rubble Properties

For computational purposes, the obstacle’s geometric properties can be defined in
terms of a contact angle, §, and the height above ground, H, at the point of contact.
Figure 2 defines different “typical” objects that could be considered in this context. The
lateral impulse imparted to an EPW by an obstacle encounter depends upon the obstacle
strength and geometry, penetrator shape, and the impact velocity. Furthermore, this
impulse could be affected by motion of the obstacle. All of these various aspects of the
impulse will be discussed in detail later.

T T T Tl T T 777 IS S

Figure 2. Example of EPW Encounters with Various Obstacles.

2. Penetrator Equations of Motion

The equations of motion are derived in a relatively general framework that we feel
is applicable to a variety of EPW shapes striking objects of different geometries before
hitting the ground. The derivation is based on the free body diagrams shown in Figure
3, where the obstacle is assumed to be a spherical boulder. The encounter between the
boulder and the EPW gives rise to a force, F, which acts on both bodies. The subsequent
motion of these bodies is described by assuming that we can apply the conservation laws
of rigid body mechanics.

Independent structural analyses have suggested that the EPW’s angle of attack, «,
which could be altered by encounters of the type shown in Figure 2, will have a significant
effect on penetrator survivability. (c is defined as the angle between the EPW’s axis and
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its velocity vector.) For this reason, our efforts have focused on developing a solution for
this angle. Obtaining this solution, however, first requires the derivation of expressions
for two other angles: the impact angle, v and the velocity vector angle, 3. 7 is defined as
the angle between the horizontal axis of the nonrotating reference frame and the EPW’s
axis (positive clockwise), while f is defined as the angle between the penetrator’s velocity
vector and the horizontal axis (positive clockwise). The relationship between these angles
is shown in Figure 4. The formulations for 3 and 4 are derived first which then are used
to solve for a from the geometric relation, 8 = o + 7.

Figure 3. Free Body Diagrams of the EPW and Obstacle.

Three geometric points are especially important in the development of the solution:
Point 1, where the EPW contacts the boulder; Point 2, where the EPW leaves the boulder;
and Point 3, where the EPW strikes the ground. Labels for these points are used as
parameter subscripts to identify relevant aspects of the solution.

2.1. Assumptions and Limitations

An explicit understanding of the assumptions involved in the derivation of the equa-
tions of motion is crucial to interpreting the results. As stated above, the first assumption
is that the EPW and boulder experience only rigid body, planar motion. We also assume
that the force, F, (see Figure 3) is constant while the penetrator is in contact with the
boulder. (Additional aspects of this force definition are discussed in section 3.5.) Other
assumptions are that the initial angular velocities (&; and 4;) of the penetrator are zero,

18
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Figure 4. The Angle of Attack, o, Impact Angle, v, Velocity Vector Angle, §, and the
Nose Angle, ¢.

and the time of contact between the penetrator and the boulder, ¢;2, is given by the EPW
nose cone length, L,, divided by the impact velocity.

The development of the equations of motion can be further simplified by assuming
that the position of the boulder is fixed. That is, the boulder does not roll or slide under
the action of F. This assumption can be readily justified for relatively massive boulders
and high-velocity encounters. For example, a 4-foot diameter boulder would be expected
to weigh on the order of 5500 Ibs. This weight, plus the component of F acting in the
Y-direction, along with a reasonable value for the static friction coeflicient between the
boulder and the ground will result in a large friction force, f1, that will tend to prevent
sliding of the boulder. In addition, for an impact velocity of 2000 fps, the time of contact
between the boulder and the EPW will be on the order of 1 ms, which is too short a time
for a 4-foot diameter boulder to respond as a rigid body. It is quite possible, of course,
that a complete analysis of some other impact conditions will require an appropriate
treatment of the boulder’s motion. However, since it is expected that such analyses will
be quite complex, they will be reserved for a separate, future study.

As a final simplification, we assume that the friction force between the EPW and the
boulder, f2, is zero. This assumption is justified by empirical studies indicating that the
coefficient of sliding friction between a rock and a metal surface is on the order of 0.08 at
high relative velocities [7).

It should also be noted that a special situation exists when the contact angle, 8, is
less than 90 — 4 + ¢. When this condition occurs, the EPW’s nose tip will not contact

19



the boulder. The contact area and the loading duration will be reduced, consequently
reducing the lateral impulse. One scenario to illustrate this situation is given by an EPW
with an initial impact angle of 90 degrees striking a spherical boulder as in Figure 5; the
limiting contact angle would be ¢, the nose cone angle (about 12 to 20 degrees). There is
no such limitation for impacts with planar obstacles (e.g. a concrete slab).

L.

77T 7T 777

Figure 5. Effect of Reduced Moment Arm and Lateral Load Due to a Smaller Area of
Contact.

2.2. Solving for the Impact Angle, v

An expression for the final impact angle, v3, was derived first since it is independent
of the other angles. The value of the impact angle at Point 2 can be computed by assuming
the lateral impulse produces a constant angular acceleration:

. I.
T2 =7+ 7tz + E’hzt%z, (1)
where, in this case, positive 7 is taken as counterclockwise, and
L
l12 = _n7 (2)
Vi

71 is the first time derivative of the impact angle at Point 1, and #;2 is the second derivative
of the impact angle during time ¢;2. A similar equation can represent the change in ~
from Point 2 to Point 3 where only gravity acts as a linear acceleration; furthermore, the
angular velocity, 42, is not zero. Thus an expression for 73 is given by:

) 1.
73 = v2 + Jotoz + 572315%3 (3)
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where 123 is the time from Point 2 to Point 3, 43 is the first time derivative of the impact
angle at Point 2, and 423 is the second time derivative during the time ¢33 and is assumed
to be zero since there are no external forces acting on the penetrator during this time.
Substituting (1) into (2) we get
. 1, .
3 =7 + 1tz + E’mt%g + Yatos. (4)
The angular velocity, 42, can be calculated at Point 2 from the equation

Y2 = 1 + T2t12. (5)

We now solve for the angular acceleration from the moment equation, where F is a constant
lateral force (assumed to act normal to the contacting tangential plane), and r is the
distance from the tip of the penetrator’s nose to its center of gravity. Thus:

- . Fr .
Z Meg = 121eg — Y12 = 1 sin(y; + 6) (6)
cg

where I.4 is the pitch moment of inertia of the penetrator, and § is the contact angle. We
substitute (6) into (5), and subsequently substitute (5) into (4); This resolves into

) Fr .
v3 =71 + Y1 [t23 + t12] — - sin(y1 + ) [td; + tiatas] - (7)
cg

But 223 is still unknown; this can be solved from the quadratic equation which is derived
from Newton’s Second Law in the vertical direction. Thus:

Ftyo
M

where M is the mass of the penetrator, and y; is the distance from Point 2 to the ground.
If the gravity term is negligible after the projectile leaves the object, then

o3 = . b2 1 . . (9)
visin(a1 + m1) + F54# sin(0)

Using this equation for t3 for the EPW calculations amounted to less than 1% difference.
y2 is also unknown but can be evaluated from:

2 . . 2
t, — 5| sin(ay + 1) + sin(6) | to3 — V= 0 (8)

. 1. F
y2 = H —visin(a1 4+ y1)t12 — = |2 — ~ sin(8) | t2,, (10)
2 M
where D
H= 3 [1 + sin(6)] (11)

in the case of a spherical boulder. The time rate of change in the unit vector of the
velocity term is

§2 = v1(% + é1) cos(er + ). (12)
Since 41 and &; were assumed to be zero, i is also zero. The change in the magnitude
of the velocity results from the axial component of the force.
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2.3. Solving for Velocity Angle, 3, and Angle of Attack, «

The initial condition for the penetrator velocity vector is given by
v1 =y [Cos(ﬁ +a1)1 — sin(y + 011)3] ) (13)

where 7 and 3 are the x and y unit vectors of the nonrotating reference frame, respectively.
The change in velocity as the projectile contacts the object is given by:

F]Ez [cos(ﬁ)% + sin(ﬁ)j] . (14)

V12 =
Hence
Uy = V1 + V1-2. (15)

The velocity at Point 3, when the projectile hits the ground, is expressed by:

Ft A ) ) N
v3 = |vicos(ay +71) + ]\/.;2 cos(ﬁ)] ¢ + [—vysin(ay +711) + gFt12sin(0) — gta3] . (16)
finally
v
tan(B) = () (17)
where ) )
1—)3 = vzi + vyj. (18)

Now since f is positive in the clockwise direction:
vrsin(m + o) — %ﬂ sin(8) + gt23
vy cos(ag + 1) + %u cos(9)

We can solve for the angle of attack at Point 3 in terms of known quantities. The result
is given by:

(3 = arctan{ (19)

a3z = f3 — 73. (20)

3. Parametric Study of the Penetrator Equations of Motion

In this section, we examine how the parameters that arise in the equations of motion
derived in the last section affect the computed angle of attack and impact angle at ground
impact. The parameters of interest are:

1. 1nitial angle of attack,

2. 1nitial impact angle,

3. contact angle of the penetrator with the object,
4. height above ground at the point of contact,

5. force between the penetrator and boulder,

6. 1nitial velocity of the penetrator, and

7. penetrator mass properties.
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3.1.

Initial Angle of Attack, a;
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3.4. Height at Point of Contact, H
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3.5. Force Between the Boulder and theﬂ?gn‘eygtor, F

28




29




30




31




1!«“?
A

32




33







3.8. Summary
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6. Conclusions

By using appropriate assumptions within the framework of rigid body mechanics, we
have developed an analytical technique for predicting trajectory perturbations that re-
sult from an encounter between an earth penetrator and above-ground, irregular objects.
Since the result is a closed-form solution, we can study the effects of such encounters with
relatively simple, rapid calculations. In addition, we examined the sensitivity of the solu-
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